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A 1.TETF-IOD FOR TT# i3 IRECT D E T X M I I U T I O N  OF Y I N G S E C T I O N  D U G .  * 
By A .  3 e t z .  

The wing theory teaches us  that a l a r g e  part of  t he  d r a g  

of  a Tiring i s  due t o  t he  losses at t h e  t i p s ,  con .s t i tu t ing  t h e  

so-cal led induced drag. I t  i s  a l n o s t  iiidepend.ent of t he  shape 

of t h e  wing s e c t i o n  (OT p r o f i l e )  and can b e  determined iimthe- 

mat ica l ly  w i t h  a f a i r  devree of accuracy. The r e s t  Of tl:e 

drag dqxm3s on tile shape of the  wing s a c t i o n  and is there- 

f o r e  call.cd t h e  wing-sect ion  ( o r  p r o f i l e )  drag. It is  0iC.i- 

n a r i l y  fouiid by s u b t r a c t i n g  the  cz l cu la t ed  t h e o r e t i c a l  induced- 

d r a g  f r O i X  thc  t o t a l  wing drag measured i n  a wind. tunnel.  T h i s  

method-, honevcr, gjves  r i s e  t o  var ious  inaccuracies .  T h e  vfirq-- 
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s e c t i o n  drag  i s  o f t e n  only a small f r a c t i o n  of t h e  t o t a l  tFJing 

drag, s o  %'rat a s l i g h t  e7:ror i n  the  Cetcrminat ion o f  t h e  l a t -  

t e r  makes cons iderable  percentile d i f f e r e n c e  i n  the f o r i x r .  

Moreover, t he  t h e o r e t i c a l  ca.lculatio:i of t h e  induced drag  is 

only approximately co r rec t  and t h e  p o i n t s  t h e r e i n  disrcgardcd 

p r i n c i p a l l y  a f f e c t  thc i-:ing-section drag, on account of t h e  

smallvlcas of t h e  I - a t t G r .  The problem t l v r e f o r e  becomes inj?or- 

t a n t  nhcn -?e wish t o  t e s t  i n  t?, wind- tunnel, the  e f f e c t  Of t h c  
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index - c . r l ue .  F'QT this YurpoEe -Je must u s e  -:Jings with very 

* Froin " Z c i t s c h r i f t  f$r Flugtechnik und k o t o r l u f t s c h i f f n h r t , ' f  
--- --- 

c Fcbruary 14, 1925, pp. 42--44. c 
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l ong  c h o r ~ s ,  though we c a m o t  correspondingly inc reasc  t h e  

span, on account of the  l i m i t e d  dimensions of t h e  wind tunnel .  

Hither to ,  i n  such cases,  we havc placed b a r r i e r s  a t  the  ends 

o f  t h e  r ings ,  i n  order  t o  produce a u n i f o r n  cu r ren t  by pre- 

ven t ing  thc  z i r  from flowing around the  wing t i p s . *  Even 
I 

t h i s  method, however, has sources  of e r ror .  The flow around 

t h e  r-iing i s  disturbcd i n  t h e  v i c i n i t y  of the  walls by t h e  

boundary l a y e r  of a i r  on the  walls. This  d i s tu rbance  can 

cause 8. sepa ra t ion  of the flow at  t h e  wing t i p s .  Thf: r e s u l t -  

ing  decrease i n  l i f t  is, hovevcr, a,Tain accompanied by irduced 

drag.  Although t h i s  i s  sinallcr than thc  induced drag without 

walls, i-ts magnitude i s  sti1.1 so u n c e r t a i n  as to render any 

accur2.t c dctcrminat ion o f  t h e  .;ling-scction drcg impossible. 

f fe  can, iiiiieedt, by s p e c i a l  p recaut ionary  ??casures, diminish 

t h e  d i s t u r b i n g  c € f x t  of tke w ~ l l s ,  hut a11 such measures are 

o f  t h e  na t c re  o f  mnlrcshifts arid t h e  inc rcase  i n  accuracy 5s  

no t  very  ::reat. 

O n  nccount of these  C - i f f i c u l t i c s ,  Cir. Xckcret undertook 

t o  I-Jork out  a method f o r  c a l c u l a t i n g  the x i n ~ - s e e t i o n  drag cli-  

r e c t l y  from t h e  energy l o s s  of the air .  

so-called t o t a l  p re s su re  p + v2 ( p  = stat ic  p res su re  of 

t h e  a i r  anC 2 = dynamic pressure) ,  then t h i s  q u s n t i t y  i s  con- 2 
s t a n t  i n  c2 cons tan t  or  p o t c n t i a l  f1o-c.. I f  losses occur W r i n g  
* Bet z ,  l1Unt erauchung e i n c r  Schukdwskyschen Tragf lache ,  I t  

Ze i t s c b r i f t  f u r  Flu%& echnik und Lot o r lu f  t schiffahr-t  ,It 1315, 
p+  173. Y'ieseLsbcrgcr, "Der S i n f l u s s  des Kcnnwertos auf C i e  
Luf t k r s f t  e von Trngf$ugeln't i n  "Ergebnissc der Aerodynamischcn 
Versuchsms ta l t  zu Gottingcn," Report I ,  p. 54. 

If we measure %he 
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t he  course of t he  flow, they a r c  rmnifcstcd by  a decrease i n  

t h e  t o t z l  prcssure. TYhen, t he re fo re ,  we masure the  t o t a l  

p re s su res  bchind the  wing i n  EL l i n e  perpendicular  to its span, 

vc must be cna.bled. t o  determine t h e  nine-sect ion drag of t h e  

corrcspoxl ing f r o n t  p o r t i o n  of t he  wing from the  e i f f e r e n c e  be- 

t n c m  the  t o t a l  p rcssures  lochilid and i n  f r o n t  of t h e  wing. 

Aside from tkic f z c t  that by  such a method, ne can ob ta in  

t h e  YJing-section drzz d i r e c t l y ,  ( i . e .  , not  simply as  thc d i f -  

f erence bctncen t h e  t o t 2 1  m d  inGuced drnzs), this :nethod has 

t h e  f u r t n c r  advanta;e of cmbl . ing us  t o  dctcrrnine t h e  uiiiz- 

s e c t i o n  drzg  f o r  each ind iv idua l  s e c t i o n .  T i i i s  may b e  impor- 

t a n t ,  i m s m c h  2s t h c  wing-scc'tion drp-g v a r i c s  t houghou t  t h e  

span. T h i s  xet'nod has s t i l l  inother great n5vantage, i n  that 

t h c  Ycquisit e d c t  crminat i on  e m  ~ l s o  be rmdc on f u l l - s i z e d  p i i s -  

planes. T h i s  a f f o r d s  a means for com,)n,ring th.2 r e s u l t s  03- 

t a incd  on the  moLel zrx3 on a fu l l - s iLed  airplc?,iic a t  j u s t  the 

po in t  t:rhcre t nc  e f f e c t  of t h e  intiex va lus  i s  g r e a t e s t .  S z f o r e  

employing t h i s  acthod, it is  iizccssttry t o  ucckrstnnd t h e  t7f,co- 

r e t i c a l  p r i x c i p l z s  on nhick i t  Is based. This vi11 be ex- 

p l a ined  i n  vhzt fol lows = 

In  ord-cr t h a t  t h e  method nay be more easi ly  understood, 

we n i l 1  f i r s t  corisider t h e  simpler case when thcre  i s  no lift, 

but  o ~ l v  urag, m d  vhen t h e  s t reaml ines  a t  tiic measuring poin t  

behind the o b s t a c l e  a r e  ae=.rly mral le l .  iioreovcr, t h e  f 1-0l-J 

i s  a c s u m d  not t o  d-cviat c mch f rom tile tno-dinensional flov?. 
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$ 6  u The v e l o c i t y  i n  f r o n t  of t h e  'oody i s  denoted by vo ax-d tiic 

s t a t i c  pressure  by po. in' ~ n e s c  tro q u a n t i t i e s  vary  somewhat from 
f 

p l a c e  t o  731a,ce, due t o  t i le Cis tuibzncc caused by the  body, bu t  
P t h c  t o t a l  pressuyc go = po + 2 v$ i s  constant ( F i g .  1). A t  

the  mcnsu;.ing p o i n t  behind t h e  dody, t h e  prcssurc p and tLe 

v e l o c i t y  v l i kc r i i s e  v a r y  f r o n  place t o  9lace ant., i f  no 

l o s s e s  occur, t h e  t o t r , l  Jressurc i s  here LISO g = p + ; v" = g o .  

g0 Only i n  ? r ~ L z l l  region SC?L~&. tlie body i s  g s2?.?-1lcr thc?il 

( F i z .  2 ) .  

We con ec-Lcrmi,zc the  d r a g  of thc Socly Gnly w i t n  t h e  n e l p  

of t h e  ivpulse 1.aw We imagine, be fo re  an2 behind t h e  body, a 

control surcfzce ah ich  extends t o  i n f i n i t y  both above an6 below 

an5 i s  perpendicular  t o  t h e  plane 2 of t n e  diagram. The f o r c e  

exer ted  on a s e c t i o n  of t h e  body of  tlle length  2 i s  then 

found- as the d i i f c r a i l c e  3; t h c  pressures nndl of t n e  impuls;ss 

on both cont ro l  s u - r f ~ c e s  

4-33 

N = I J [(po - p )  + P (vO2 - v 2 ) ] d  
-cv 

I f  me put 

w e  o b t a i n  

The f i r s t  of She t ~ o  i n t e g r a l s  contcins  t h e  c i i i fe rence  of t'qe 

t o t a l  grcssures and i s  I c l a t i v e l y  s i n p l e  t o  d c t e r r i n e .  TYiz i.T- 
+ 

4" te2r:L L - ~ c s  a.ot nced t o  be extenGcd t o  i n f i n i t y ,  s ince  €4 $if- 



f c r s  f rom go only  on a l i m i t e d  region, t h e  v o r t i c e l  rzgion 

behind t'ne body (F ig .  2) , so that ,  o u t s i d e  of t h i s  region, t h e  

integrand go - e; everyvhere vaaishcs. The second i n t e g a l  

i s  less f avorab le  i n  t h i s  rcspcct.  ';/e c m ,  however, transform 

it  i n  such a m n n e r  that only one i n t e g r a t i o n  i s  required i n  

t h e  v w t i c a l  region.  

'Je \::ill i m g i n e  ?. p o t s n t i a l  floT:v YTrhich, ou t s ide  of  t h e  

v o r t i c c l  region,  i s  i2czLt ica l  with t h e  floslr producing t h e  &rag 

and- l e t  v' d m o t e  i t s  v e l o c i t y .  Then, ou t s ide  t h e  v o r t i c a l  

region, v 1  = v bchi-nd tiic body md! v o f  = vo i n  f r o n t  of 

t h e  body. i n  thz TJorticc71 reZion, ho-:reTrCr, v f  i s  g r e a t s r  

t hcn  v ( F i g .  2 ) .  In o rde r  to isrin? t h i s  i n t o  harmony v i t h  

the con t inu i ty  condi t ion,  we must sussume sourc~s f o r  t hc  Dot cn- 

t i21  f low,  vhose t o t a l  y i e l d  f o r  t h e  s e c t i o n  of  the  body Coi l -  

caned-  i s  E = I f ( T I  - v)d y. A si;iqIc p o t c n t i c l  fl-on i s  

kno:.m to Lxoc?ucc zo dzc7g. If, hovcvcr, sources %re  connects6 

;crith t,ic boclry, 2s  i n  the  present case,  c, negat ive 

deuced, ?it = - p v, 2 ,  n'ncroin v, dcnotcs t h e  v e l o c i t y  i n  

i n f i n i t y . *  i f  wc perforin t h e  sai-iic c a l c u l a t i o n  f o r  t h i s  p t e n -  

t i a l  floT:j, zs zbove i n  the  determinat ion o f  W, s i n c e  every 

- 
It 

1157, l l ~ ~ c r c c i l  i u q  der K.r$fte ur;d {{omente, d i e  strom- 
i g k c i t e n  m f  i h r e  Ziegrcnzung ausubcn i n  I IZei t schr i f t  

f&r ~n~CTEi1dt c Xethcmstik u~?_ca :lechanik, 'I 1922, p. 409, The 
lnw i s  c r t i r c l y  ~ ~ ~ l o g o u . s  t o  t h e  known l a w  of Kutta and Schu- 
kowsky, n m c l y ,  t h a t  A = p v F I (A = l i f t  and r = c i r cu la -  
t i o n )  cmd can a l s o  be d-emonstrated i n  a very siailar iim.nnzr. 
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w e  o b t z i n  
+c3 

By s u b t r u t  i n g  t h i s  eqiiut i on  f rain tm aSove q u a t  ion  f o r  E, ne  

o b t a i n  
P t" + p 7~~~ E = I f ( z o  - g)d y f 51 f ( V I " -  v2)d y 

If we intro5ucc E = 2 ( v '  - v)d  y, v ~ e  the3 obta in ,  a f t e r  a 

s ii iple c a l c u l a t  io;?, 

Idor cove?, thc seeon6 int cgrLtl is  t o  *>e extended l ikewise  o-,nl;~ 

o v e r  t1?e voTt ica l  reglon, s i x e  i t  c i sappears  o u t s i d e  of t i le  

same, .rI>ere v' - v i s  c v e r y h e r e  zero.  

~ ; i c  d i f f e r e n c e  ( g o  - g) of t h e  t o t a l  p re s su res  ~~7x1 de 

very easi ly  detervfiined b y  j?lacii?g before  znci behind the  obsta- 

c l e ,  a bent tube ( o r  even an ordinary 2 i t o t  tube) w i t h  i t s  

moutn tooward- t h e  a i r  s t r e a a ,  and connecting i t  w i t h  both a m s  

of  a nicro.mno:xeter (F ig .  1). The detcsrnination of the quan- 

t i t i e s  contained in  tLlc second i n t e g r a l  i s  sometvhat more 

troublesome. For  t h i s  purpose, moreover, i t  i s  0.1~0 necessary 

t o  meamrs the s t a t i c  preszures .  A l i t t l a  d e l i b e r a t i o n  shows, 

however, t h a t  with a p w p s r l y  selected m a s u r i n g  poin t ,  the  

shn :  of  t h e  seco id  intcSral  i s  s o  small  t'mt a rough e s t i z a t e  

of i t  is  I i s m l l y  s u f f i c i e n t .  The course  of t h e  p re s su res  i s  

p l o t t e d  i n  F ig .  2.  The f z r t h e r  from t h e  experimental  body we 

g e t ,  t h e  S i x l l e r  a r e  t h e  d i f f e r e n c e s  between go and f; an& 
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v, - v 
vca between p and p,  Then v t  a p p r o x i m t e s  vm and 

approximutes  go- - g - , Thereby, however, t h e  integrand OP t h e  
2 1- " 2  v, 

2 ( g o  - g) - , (hence i n  the  r a t i o  e, g -  
P 4 2 v 2 m  

second i n t e g r a l  
4 - v2, 2 

is smaller than  ir, t h e  f i rs t .  If, thereI"ore, t h e  rmximrn va lue  

of g, - g i s  smaller  t h a n  which can u s u a l l y  be  at- 

t a i n e d ,  thea t h e  share of the second i n t e g r a l  is l e s s  than 

o f  t he  f i rs t .  

$ v2a , 
1 
20 

In  our previous d e l i b c r a t i o n s ,  we have assumed, f o r  t h e  

sake of simp3.icity, tha t  t h e r e  was nu l i f t  and, consequert ly ,  

no drag. We w i l l  non turn, hcmever, t o  t h e  case  of a l i f t -  

prodJicing i?iing, which, indeed, i n t e r e s t s  JS most. Eere t h e  
\ 
a i r  aehind t h e  mirig has a v e r t i c a l  component w (F ig .  31, in 

a d d i t i o n  t o  the hor i zon ta l  v e l o c i t y  conrponerit v .  The t o t s 1  

p r e s s u r e  i s  p + ( v z  - w2>. w e  u t i l i z e  t h e  impulse law 

i n  the  saae manner as i n  t h e  f i r s t  c a l c u l a t i o n ,  me o b t c i n  

If we l i k e v i s e  inlagivle here a ? o t e n t i a l  flow w i t h  corresponcling 

sourc+2s of  t h e  output then  such a poten- 

t i a l  Slow czuses an inGuced drag  

E == I f  ( V I  - v d y)* 

W i ,  s i n c e  the doxnward ve- 

l o c i t y  w i s  due e s s e n t i a l l y  t o  tile v o r t i c e s  pas s ing  o f f  t h e  
A -  wing t i p s .  Since we hzve not  changed the  va lue  of W, ~ J Q O  

l i f t  a l s o  r e t a i n s  i t s  value.  The induced drag is  the re fo re  
* More accura t e ly  I 1 
d i f f e r e n c e  i s  neg l ig ib l e .  

_ _ _ ~  ____- -- 
(hjrv12 t w 2  - 4 f v 2  -i- w2)d y, but the 
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t h e  sane i n  bo th  cases  Taking i n t o  cons idera t ion  t h e  e f f e c t  

of t h e  sources, we obtain,  f o r  the p o t e n t i a l  f l ov ,  t h e  d r a g  
+co 0 Vi' = I;'i P V~ Z = - 2 f ( ~ 0 '  - V "  + vl2) d y 2 -m 

By s u b t r a c t i n g  t h i s  equat ion from t h e  preceding one f o r  1:11 

and a l s o  in t roducing  t h e  wing-section d r a g  f o r  

we ob ta in  

Nf - W i  = Wp, 

Y 

which is e m c t l y  t h e  same r e s u l t  as for the  body without lift. 

The s m e  corls idcrat ions regzrd ing  t h e  order  of  magnitude of t h e  

second xeinber a l s o  hold g ~ o d  for the case r i t h  l i f t .  

3 e  can t h e r e f o r e  deterininc thc  ~ i n g - ~ c c t i o n  drag  b y  t h i s  

method- - , i thout any d i I f  i c u l t  i c s  i n  p r i n c i p l e .  For  t h i s  purpose 

i t  i s  nccc rmry ,  CoT::cvcr, t o  p l o t  a whole curve instca,d of i??a:C- 

i n g  only 9 s i n g l e  xcacurcmznt. If the  method proves t o  be good 

otherl-rise, 7-e hope t l i c t  t he  process  o f  a,pp!!icntion can be  a , d e  

simplc cmugh t o  %e p r z c t i c a l l y  u t i l i z a b l e  i n  tlie major i ty  of 

t h e  caces. 

Trans la t ion  by  Dvsight ..- i... :liner, 
Nat ional  Aclvisory Cox::it t e e  
f o r  AeroncLt i c s .  
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Fig.1 

Fig.2 

Figs.l,2 & 3 


